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In this note we prove that any simply connected finite loop space that has one three-dimensional 
rational cohomology generator has the rational cohomology of a Lie group. Other results are ob- 
tained in the case that the rational cohomology has more than one three-dimensional generator. 
1. Statement of results 
Let X be a l-connected space such that OX is homotopy equivalent to a finite 
complex. We call QX a finite loop space. A standard theorem in Hopf algebras 
states that the rational cohomology has the following form 
H”(QX; Q) =/l(x,,xz, . . . ,x,) 
where deg x, = nj - 1 and we may arrange the numbers so that n, 5 n2 I ... 5 n,. We 
refer to [n,, . . . . n,] as the type of QX. This set of numbers completely determines 
the rational cohomology of QX. 
One familiar set of finite loop spaces are the Lie groups. The following statement 
is a long standing conjecture: 
Conjecture. Given a finite loop space QX, is 
H*(QX; Q) = H*(Lie group; CD)? 
In other words, is the type of a finite loop space the type of some Lie group? 
In this note, we prove the following theorem: 
Theorem 1.1. Let QX be a finite loop space with type [t-z,, .. . , n,]. Then 
(a) [n ,, . . . ,n,.] is a union of simple Lie types and sets of the form [4,24] and 
112,161; 
(b) [n,, . . . , n,.] is a union of simple Lie types and sets of the form [4, 161, [4,24], 
and [4,48]. 
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Note that Theorem 1 .l implies there are not many finite loop spaces that have 
rational cohomology different from that of a Lie group. 
Definition 1.2. A simple loop space is a finite loop space with third homotopy group 
equal to the integers. 
Definition 1.2 is motivated by the fact that one can characterize simple Lie groups 
by the condition that the third homotopy group is equal to the integers. Results of 
Kane, Hubbuck and Lin [7,8] show that the third honlotopy group is always free 
and a result due to Clark [4] shows the third homotopy group is always nontrivial. 
We will show 
Theorem 1.3. A simple loop space has the rational cohomology of a simple Lie 
group. 
The proof of Theorem 1.3 also shows that 
Theorem 1.4. Zffn,, . . . . n,] isthetypeof~Xandn,<n,<...<n,, then [n,,...,n,] 
is the type of a simple Lie group. 
2. Proof of Theorems 1.1 and 1.3 
The following theorem is due to Bore1 and Browder [3]: 
Theorem 2.1. Let [n,, . . . , n,.] be the type of ,RX. Then if p is a prime andpi n, for 
a/l i, then 
H”(OX; ZP) =/1(x,, . . . ,X?), H”(X; ~i,)=~pb~,,...,Y,l 
where degxi=ni- 1, degyj=ni. 
Proof. If H*(QX; Z) has no p-torsion, a result of Bore1 [3] implies that if 
H*(52x;IZ,)=/l(x,,..., x,.), then H*(X; Z,)=ZP[yl, . . ..y.]. But a Bockstein se- 
quence argument due to Browder [3] implies ifp_lni for all i, then H*(GX; Z) must 
be p-torsion free. Further, if H*(QX; Z) is p-torsion free, then H*(SZX; Zp) and 
f-l*(QX; Q) are exterior algebras on generators of the same degree. cli 
The following theorem is due to Adams and Wilkerson [l], and Clark and Ewing 
PI: 
Theorem 2.2. Let X be a space with H*(X; 77,) = 22,[y,, .. . , y,.l with deg yi = n,. 
Then if p { n, for all i, then [n1, .. . , n,] is a union of types that appear in a Iist of 
Clark and Ewing [5]. 0 
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In a paper due to Aguade [2], it was noted that the list of Clark and Ewing in- 
volves types where p = 1 mod m and nz / nj for some i. We follow an argument due 
to Aguade to prove Theorem 1.1. 
Proof of Theorem 1.1. If p,, .., , pt are the primes greater than 7 that divide 
n,, . . . , n,., for each pi, choose an integer ay, prime to pi such that a, f -+ l(p;). Con- 
sider the congruences 
x= 3 mod (8), (7), (5), x= 5 mod (9), x= Cq(p,). 
Let k be a solution to this system. By Dirichlet’s theorem there is a prime p>n, 
suchthatp=k(N), N=2.3.5.7.n,,..., n,. Then if ni= 2pn, then p= l(m) implies 
m=1,2 and p=-l(pn) implies m=1,2,3,4,6,12. Since p>ni, by Theorem 2.1, 
H*(X;&)=~PIY1,.**, y,] and deg yi= n;. Applying Theorem 2.2 and checking the 
Clark and Ewing list, we obtain [2, Proposition 2] which states that [n,, . . . ,a,.] is 
a union of types (A) [4,6, . . . . 2n], (B) [4,8, . . . . 4(n- 1),2n], (C) [4,8 ,..., 4~1, (D) 
14,121, (E) 14,241, (E) PI, ((3 [12,161, W 14,129 16,241, 14,lQ 12,16,18,241, 
[4,12,16,20,24,2.8,36], [4,16,24,28,36,40,48,60]. Types (E) and (G) are the only 
non Lie types, so this proves Theorem 1.1(a), since the others are simple Lie types. 
To prove (b), consider the same system of equations except for x=3(8). If we 
change this equation to x= 7(16), then choosing p= k(N) implies fnr, . . . , n,] is a 
union of types (A), (B), (C), (D), (E), (F), (H) and [4,16] and [4,48]. This proves 
Theorem 1.1(b). 0 
Proof of Theorems 1.3 and 1.4. Since all simple Lie types have a 4 in their list, by 
Theorem 1.1(b), if QX is a simple loop space, it must have type equal to the type 
of one of the simple Lie types or [4,16], [4,24], or 14,481. A result due to Hubbuck 
[6] shows that [4, 161, 14,241 and [4,48] cannot be the types of finite H-spaces. c! 
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